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ABSTRACT
This article presents a solvable quintic equation under the conditions that

several coefficients of a quintic equation are restricted to become dependent

on the other coefficients. We can solve a quintic equation by restricting two
coecients among total four coefficients available. If a quintic equation has a
quadratic factor (x2+bjx+bg), then we get a two simultaneous equations,
which can be solved by using a sextic equation under restriction.
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INTRODUCTION

de Moivre's quintic equation

A monic general quintic equation form is

2° 4 dyr 4 dya® 4 daa® £ dia 4 dy = 0. (1)

The process of solving a quintic equation is very complicated. So, we
consider a reduced quantic form derived from the above equation (1) in
which x is substituted with x+d,/5, or simply d4=0,

20+ 32’ + eg1? + o1z + g = 0. (2)

A solvable quintic equation is given from the de Moivre's quintic. de
Moivre's theorem is the only formula that can solve a quintic equation by
using its coefficients [1]. A solution of the de Moivre's quintic equation can
be easily derived as follows. If

I:,s/a——u—ﬁg,a

We have,
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where t is the coffecient of constant term.

From the above, we get a solution of the quadratic equation with respect to a

g7+ (3) @

Which provides a solution of the de Moivre's quantic

I I
s/t [t2 st [t2

= V_E_VI*G)S*V_§+VI+(§)S'

Derivation of a solvable quintic equation

A monic reduced form of a quintic equation is read as follows:

° + e32® + ez + ez + . (6)

If this quintic equation is factorable into a cubic and a quadratic equation
as follows,
2%+ 32’ + e ez + g (7)

= (2* = b2 + a1z + ag)(z? + by + by).

After eliminating the coefficients aj, we get two simultaneous equations with
respect to by and by.

If we get by and by by solving the simultaneous equations, we can get
solutions of the equation (6).

To do so, developing the latter into a cubic and quadratic equation, and
comparing each coefficient of nth degree of x, which is equal to each other,
we can factor the quintic equation to get a solution of a quintic equation.
After developing the parentheses, and comparing to each other, we get

c3 — b() + 512\ (8)

aq
ap = ¢y + 2bpby — byeg — 513.
which provides with

et rar’tar+a (9)

= (2% = bia® + (=by + c3 + b1 %)z + 2boby — breg — i) (2 + byx + b)),

where we get two simultaneous equations with respect to b,
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bo* — (e3 +8b1%)bo + e1 — brea + by + biPey =0, (10)

2biby® + (2 — breg — by )by — cg = 0. (11)

To solve these simultaneous equations (10) and (11), the resultant can be
used. However, if we try to and by or by using the resultant, we would face
more difficulties as it provides a 10t degree equation [2]. However, the
equation (6) can be solved if certain conditions are given, which has the
fifth root of a quintic equation as follows.

From the equation (11), we get

1

Z Ca i”Dl.

1 .
by = —ec3 + 512_4_51 T by 0, (12)

4

where Dy is given as the discriminant as

Dy = by + 2e3by? — 262b13 + 32512 + (8cp — 2cac3)by + o (13)

by of the above can be determined by solving the sextic equation if possible.

A sextic equation to solve a quintic equation

A reduced sextic equation is read as;

2 4 dyzt + dyr® + dox? + dyz 4+ dp = 0. (14)

If this equation has factors both a quartic equation and a quadratic
equation, we have

(2t —v12® +ugr? + upz + up) (2?2 + vz + wp) = 0. (15)

Comparing the two equations (14) and (15) after eliminating the
coefficients u;, we have

015 4 (—dvg + dy)v1® — dsve® + (da — 2vody + 3v0%)vr — dy + vods =0, (16)

14 0, 2y 2 32 \
vour” + (vody — 3up”)v1” — vodavy + vodz +vo” — vp~dy = do. (17)

If the equation (16) becomes a de Moivre quintic, we may get vi. Therefore,
if the coefficient d3=0 of vi2 term, and the square of the coefficient of v{3
term is equal to 5 times of the coefficient of v| term, we get

(7-’11‘() + d4)2 — B(dg — 2updy + 31,‘()2) (18)
= ’L‘()Q + 2dqvp + d42 — By

=0.

From the above, we have

vg = —dy = +/5ds. (19)

One of the equation (16) provides

1,‘15 + (5d4 — 44/ 50‘2)1}13 + (lﬂd@ + 5d42 — Bdyy/ Sdgjl'l —d; =0. (20)

The above provides a solution

51 51 o
o — \/Edl /Dy + \/§d1 +/Ds, (1)

5 (22)
2

1., ( 4\/5@)5
1 dy——— | .

And dg is given from (17), which is dependent on the preceding coefficients

do = (—dy++/5dg)vr* + (—15dy — 4dy” + Tdyn/5dg) v % — 21 dady — 2d,> +5d,°\/5dg +64/5ds”. (23)

Then, we have two roots of the following quadratic factor of (15),

%+ vz + v =0, (24)

which provides two roots of the sextic equation (14),
T = 17.' =+ 11‘2 I‘ (25)
= —pun \/4 1 0 2)
51 s/1
\/?—1,— D2+\/§a'.1+\/Dg

L
T2
2
1{ .1 T
+y|dy — 50.'24»1 \/56{17 D2+\/§d]+\.’DQ .

These are two roots of a sextic equation that can be factored into a quartic
and a quadratic equation under restrictions [3-6].

DISCUSSION

Solution of a solvable quintic equation

By using the above conditional solution of a sextic equation, we can get a
restricted solution of the equation (13),

Dy = b8 + 2eaby? — 2eab1® + e3%h1 + (8eg — 2e9e3)by + e2°. (26)

If this sextic equation has a quadratic factor,

512 + vy +v9=0. [27)

Two unknown coefficients v; and vg are given as the simultaneous
equations as follows:

n’+ (2¢3 — dvp)u® + 2c0017 + (—4egvg + e’ + 31}()2)1:1 —8cp + 2cpe3 — 2coup =0,  (28)

vowr + (2e3v0 — Bup?)ur? + 2e0upv1 — 23002 — €2 + vp® + e3%vp = 0. (29)

Now, we have the following results from the equation (28)
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ey = 0, (30)
vy = (=24 VH)es,
{'/4(‘{) — /D3 + \5/40{] +/ Da,

- 4
16(‘{)2 + e3” (2 — f)

1

Dy

5

And we get two roots of the equation (27),

1 1 1
by = _iul + \/11'12 — Uy (31)

,% (7400 — Vs + {/4e0 + \/E)
i\/(?— 5)es+ 5 (\/400 Vs + \/400 + \/D_s)

And b from the equation (12) becomes

by =163+151?:|: Dl._

177 b, b7 0. (32)

We can have two roots from the quadratic factor (x*+bix +bg) of the equation

),

~

1 1 .
o= —5h + \/Zb# — by, (33)

where by of (31) with D5 of (30), and by of (32) with D; of (26) respectively.

Summary and examples

A general quintic equation can be written as

7° 4 c3x + cox® + 1z + g = 0.

If a quintic equation is factorable with a factor of (x2+b;x +by), then the
quintic equation has two roots that shares two rtoots of the
quadratic equation [7].

However, in the process of obtaining b; and bg, which are the coefficients
of the quadratic equation, we encounter the difficulty of solving the 10
degree equation (decic equation). It is therefore clear that there is no
general way to solve a quintic equation normally [8]. However, if certain
conditions are given, by and by can be obtained, and thus the solution of a
quintic equation can be obtained. Nevertheless, in the process of obtaining
by and by, it is difficult to solve the sextic equation, but we can find that the
sextic equation can also be solved using the de Moivre quintic equation in
the process of solving the sextic equation with a quadratic equation (x+vix
+vg) as a factor [9]. Here, if v{ and vq are obtained, then by and by can be
obtained from them, then the roots of the quintic equation can be obtained
from (x2+bx+bg). To get a solvable quintic equation, the coefficient ¢; of x?
term equals to zero, and then we get by from (31).
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by = —,l (\5/46{1—\/D_3+ \5/4€‘{)+\/D_3)
\((2— S)eg + (\/—lﬁ’o—\/_+\/—1t‘u+\/_)2w

where Dj is given from (30) as

W5

Dq = 16c92 +¢3° [ 2 —

And by from (32) as

1 1 vD
b(] = —Cy + —blg + Tll

1 1 by # 0,

where Dy is given from (26)

D= 516 + 203[)14 — 2(_’2513 + (_’.3251Q -+ (86[] — 20283)b1 + CQQ.

And the coefficient ¢ of x term is given from (10),

1= —b(}z + (C:; + 3512)5(] + b]t’.g — 514 — 5121’_’.3.

These have steps bring us solutions of a solvable quintic equation by a
quadratic factor

2 + bz + by = 0.

This quadratic equation provides two roots of a solvable quintic equation

_—

1 1
I = —Ebl + \Xzblg — b(]..

Writing down a solution of a quintic equation in a row is too lengthy, so it's
much easier to just plug in each step one by one and get the result.

Since the real values obtained from arbitrary c3 and cq are very complex. So
for an easy example, let bi=2, bg=2, and c3=-4, cg=16, then we have c;=12.
In this case, we get the following quintic equation, which is factored into a
quadratic factor

x5 — 423 + 122416 = (22 + 22 + 2) (2% — 222 — 22 4+ 8).

For another case, let b1=2, c3=0, cg=-3, then we get D;=16, by=3/2 and

c1=-1/4. The factoring is given as
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e 1 3. . 5 \
1‘“’—31—3: (1‘9+2x+§j(13—212+%1‘—2).
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