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Mathematical modeling and analysis of alcoholism epidemics: A 
case study in Ethiopia 

Tesfaye Sama Satana, Masreshaw Temere Kassaye 

INTRODUCTION 

lcoholism is, broadly, any drinking of alcohol that endsup in
significant mental or physical health problems and is answerable

influences. People may still to drink partly to stop or improve 
symptoms of withdrawal [21]. Medically, alcoholism is taken 
into account both a physical and mental illness [22]. 

Prevention of alcoholism could also be somewhat difficult but 
attempted by reducing the experience of stress and anxiety in 
individuals, limiting the dimensions of alcohol, taxing alcohol to 
increase its cost, and providing equation (awareness) and treatment 
[23-30]. Treatment of alcoholism may take several forms. Because of 
to medical problems which will occur during withdrawal, alcohol 
cessation should be controlled carefully. Some com mon method 
involves the use of benzodiazepine medications, like diazepam, 
acamprosate, disulfiram or naltrexone may used to prevent further 
drinking [31-37]. 

It is known that alcoholism incorporates a great social and economic 
impacts on the country. For this case, it is vital to grasp the dynamics 
of alcoholism spread among the populations. Many studies and 
research in social, medical, and political has focused on this study 
areas [19, 4, 5]. Since alcoholism could be a problem of public health 
impor- tance, not much has been analyzed in terms of using 
mathematical modeling to inspire its transmission dynamics at 
population level. 

Mathematical models are used to analyze the spread of infectious 
disease. It is used as a tool to study the transmission dynamics of 
diseases and to grasp the effect of different intervention strategies to 
aware public health policy makers on the implementation to combat 
infections. So far, researchers are studied different mathematical 
models to investigate the dynamics of transmission and optimal 
control strategies; see for instance, [1, 27, 26, 9, 30, 10]. As respect to 
alcoholism, different mathematical models are formulated and 
studied to cut back the amount of drinkers. There is a really 
interesting model on alcoholic abuse proposed [22]. During this 
model author considered a three compartment drinking epidemic 
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ABSTRACT 
In this paper, we developed deterministic mathematical model of 
alcoholism epidemics. First, the existence and uniqueness of the 
formulated model will be studied to show the well-possedness of 
the model. Second, the major qualitative analysis like alcoholic 
free equilibrium point (E0), endemic equilibrium point (E∗), basic 
reproduction number (R0), were computed. From the stability 
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results. It is pointed out that, minimizing the contact rate between the non-
drinkers and heavy drinkers, maximizing the number of drinkers that go 
into treatment can be useful in combating the alcoholism epidemic. 
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for about 6% of mortality and 5% of disability- adjusted life year’s 
lost worldwide [1]. The World Health Organization (WHO) has 
estimated that, globally, about 53% aged 15 years and above have 
ever used alcohol and 39% used it the last year [2-3]. The study that 
conducted in South Africa, indicates that 9% of the population aged 
15 years or above in risk or harmful drinking. When compared their 
percentage, more men had hazardous drinking than women, 17% 
and 2.9% respectively [4-5]. 

In our country, Ethiopia, different studies were conducted to point 
the prevalence of alcohol consumption. The studies shown a 
significant increment, and usually hazardous drinking and alcohol 
dependence were more in men than women [6-8]. Excessive alcohol 
use can damage all organ systems, but it particularly affects the brain, 
heart, liver, pancreas and immune system. Alcoholism can result in 
mental illness, delirium tremens, irregular heartbeat, an impaired 
immune response, liver cirrhosis and increased cancer risk [9-12]. 
Women are generally more sensitive than men to the harmful effects 
of alcohol, orimerily because to their smaller body weight, lower 
capacity to metabolize alcohol, and higher proportion of body fat 
[13-18]. 

Environment and genetics are the two factors within the risk of 
development of alcoholism with about half the chance attributed to 
every [19]. Stress and associated disorders, including anxiety, are some 
factors in the development of alcoholism as alcohol consumption can 
temporarily reduce dysphoria [20]. Someone with a parent or sibling 
with an alcohol use disorder is three to four times more likely to 
develop an alcohol use disorder them- selves, but only a minority of 
them do. Environment factors includes social, cultural and behavioral 
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model. The population is split into three classes, namely, moderate 
and occasional drinkers (susceptible to drinking epidemic), heavy 
drinkers and recovered population. The model could be a simple 
model which does not incorporate the relapse from recovered class to 
susceptible class, which is extremely unrealistic. The author failed to 
introduce any treatment or intervention policy during this model. 
There must be an additional death rate for the heavy drinkers. But 
the authors failed to introduce additional drinking related death rate 
during this model, which is not realistic.  

A similar quite of work was done. But during this paper also no 
treatment is introduced. As drinking is may be a chronic relapsing 
disease, the relapse of drinkers from treatment should be considered 
to create the work more realistic, which is missing in [16].  They do 
not contain a treatment class. They were split the population into 
three classes depending on the quantity of alcohol a person 
consumes. Also focused on the drinking habits of students. They 
were interested on checking how a change from low to high risk 
drinking environments affected the transition from susceptible to 
heavy drinker. Do not consider a treatment class, they were despite a 
private who are spending 50 years within the system as their focus so 
as to see the health and economic costs of risky alcohol consumption. 
We have seen different limitations within the above models. To 
reduce those limitations and by considering current situations of 
alcoholism in Ethiopia, we have developed a mathematical modeling 
of alcoholism epidemics by introducing treatment class. We have also 
considered drinking related additional death rate, since alcohol might 
be quite deadly. According to Ethiopia, throughout the year alcohol 
related deaths occur.  To beat this, we have got added additional 
death rate so as to aware the community to stop themselves from 
excessive drinking. Here our main contribution is that, by 
introducing treatment class, which is effective way to reduce the 
proportion of the population within the alcohol problems. We will 
identify the parameters of great importance which can help the policy- 
makers in targeting prevention and treatment resources for maximum 
effectiveness in Ethiopia. 

The rest of the paper is organized as follows. In Section 2, 
mathematical model is formulated and some basic properties are 
derived by examining equilibrium point of the model. Section 3 is 
devoted for the stability analysis of the model. The problem of 
sensitivity’s parameter is discussed in Section 4. Section 5 is devoted 
for numerical simulations of the model by estimating the parameters. 
The conclusion is presented in Section 6. 

MODEL FORMULATION AND 
DESCRIPTION 

In this study, we formulate a mathematical model for the dynamics of 

Recovered drinkers R(t). Thus, the governing non-linear Figure 1. 

Figure 1) Compartmental diagram for four drinking classes in the model 

System of differential equation represent the model is given by 
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In the model system (1), individuals in the non-drinkers compartment 
are subjected to a heavy drinkers with a contact rate of β1. From the 
heavy drinker compartment a portion of individuals enter the 

treatment phase T. The possibility for the individual to die from 
treatment compartment T infected at the rate of δ2 due to the
drinking in treatment.

The model variables and their descriptions are tabulated in Table 1 
and the model parameters and their description are tabulated in 
Table 2. 

Variables Description of the variables 

S(t) Non-drinker population at time t 

H(t) Heavy drinker population at time t 

T (t) Drinkers in Treatment population at time t 

R(t) Recovered drinker population at time t 

alcoholism and divide the population into four compartments: Non-
drinkers S(t), Heavy drinkers H(t), Drinkers in treatment T (t), and 

TABLE 1  
Model variables and their description 
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Model parameters and their description

Parameters Description of the parameters 
b Birth rate 

β1 The rate of recruitment to alcoholism due to encounters between no drinkers and alcoholics 

β2 The rate of a light problem alcoholic will become a recovered individual due to treatment 

β3 The rate at which recovered drinkers relapse to no drinkers 

µ The natural death rate which is refer to any death rate not caused by alcohol 

φ Proportion of drinkers entering treatment compartment 

σ Recovered rate of Treatment 

δ1 Drinking induced death rate of heavy drinker 

δ2 Drinking induced death rate of drinking in treatment 

Positivity solution of the model 
In order to show that the model system (1) are to be epidemiologically 
meaningful and well posed, it is needed to prove that all the state 
variables are non-negative. This fact has been stated as a theorem and 
proved in what follows. 

Theorem 1 
Let the initial conditions of model system (1) are 

       0 0,  0 0,  0 0,  0 0,S H T R    , then the solutions S(t), H(t), 

T (t), R(t) of the model system (1) are positively invariant for all 0.t 

Proof. Assume that all the state variables are continuous. Then, from 
the model system (1) of the first equation we have: 
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Using separation of variables rule the above inequality becomes: 

 
(

.
)S t

dS t
µdt 

Integrating both sides 

 
( )

,
d

d
S t

S t
µ t  

In   ,S t µt c  

  ,
µt c

S t e e




   0 0.
µt

S t S e


  (2) 

Also by taking the second equation of the model system (1) we have: 
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Now we use separation of variable and taking integration on both 
sides we have 
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Similarly, 
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Hence, the solution S(t), H(t), T (t), R(t)  of  the  model  system  (1) 
are  positive  for  all 0.t   

Invariant region 
The model under consideration monitors population as such, we 
assume that all the variables and parameters of the model are positive 
for all 0.t  In order to show that the solution of model system (1) is 

bounded it is needed to prove that the total population size N (t) is 
bounded. 

Theorem 2 
All the solutions S(t), H(t), T (t), R(t) of the model system (1) are 
bounded. 
Proof. In order to show that the population sizes of each 
compartment is bounded we prefer to show that the total population 
size of the whole system N (t) is bounded. The total population at any 
time t is given by: 

                   .N t S t H t T t R t     (6) 

Differentiating (6) both sides with respect to time t gives 
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In the absence of mortality due to alcohol (7) becomes: 
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By the separation of variable rule (8) become: 
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Taking integration on both sides, (9) becomes: 

TABLE 2 
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where A is constant. By applying the initial condition N (0) = N0 in 
(10), we get 
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As t   in (12) the population size, 
b
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 which implies that
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  . Thus, the feasible solution set of the model system (1)

enter and remain in the region Ω for all time t, 
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(13) 
Therefore, the model system (1) is well posed epidemiologically and 
mathematically. Hence, it is sufficient to study the dynamics of the 
model system in the domain Ω. 

Alcoholic free equilibrium 
Let E0 = (S∗, H∗, T ∗, R∗) represents alcoholic free equilibrium point 
of the model SHTR. Alcoholic free equilibrium points are steady 
state solutions of mathematical model indicating that there is no 
drinking problem. The compartmental classification of population 
reveals that the drinker population is distributed only in heavy 
drinkers and drinkers in treatment compartments. Hence, in the 
absence of infection we have H∗ = T ∗ = 0. To obtain equilibrium 
point we just set zero in the model system (1), then alcoholic free 
equilibrium point E0 will be: 

0,     0) .3(3b R µS µ R 
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b
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Therefore, an alcoholic free equilibrium point, E0 is 
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b
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Determination of basic reproduction number 

The basic reproduction number R0 is a threshold parameter defined 
as the average number of secondary infection caused by an infectious 
individual by introducing in to a completely susceptible population. 
The basic reproductive number provides an invasion criterion for the 
initial spread of the infection in susceptible population. Now in the 
present paper, basic reproduction number for the dynamics of 
alcoholism epidemic model is defined as the number of heavy 
drinkers produced when a single heavy drinker is introduced into 
susceptible population. We use next generation matrix approach [31]. 
To define the basic reproduction number R0. The next generation 
matrix compromises two matrices F and V, whose elements in matrix 
are constitute the new infections that will arise and the transfer of 

73

infections from one compartment to another respectively. Let us 
define fi and vi as follows: 

1. 
i

f be the rate of appearance of new infection in 

compartment i. 

2. iv
be the rate transfer of individuals into compartment 

i. 

3. iv
be the rate transfer of individuals out of

compartment i. 

4. iv be transfer of individuals in and out of compartment i. 

i.e., .i i iv v v    

Now from the model system (1) the infected compartments to be 
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Let us take partial differentiation with respect to H and T and 
evaluate at alcoholic free equilibrium point, E0 
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Therefore, the next generation matrix is given by: 
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STABILITY ANALYSIS 
Existence of alcoholic free equilibrium 
Alcoholic free equilibrium point, E0 is the state in which the 
population is free of alcohol. That is H = 0, T = 0 and R = 0. Thus, 
the model has an alcoholic free equilibrium. 

  , , ,   ,0,0,0   ( .)
b

E S H T R


    
    
 

 (20) 

Local stability of alcoholic free equilibrium 
To determine the stability of the model at an alcoholic free 
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equilibrium point, we will consider the Jacobian matrix of the model 
system (1) at an alcoholic free equilibrium, E0: 
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Here, λ1, λ3 and λ4 are clearly real and negative. Now, alcoholic free 
equilibrium, E0 is stable if λ2 < 0. That is 

1
01 2 110 1 1 1.( 0)

bb b
Ru




  





 
       

  

Therefore, the model system (1) is locally asymptotically stable at 

alcoholic free equilibrium, 0  , 0, 0, 0bE






 
 
 

if R0 < 1. So, we arrive 

to the following result: 

Theorem 3 
Alcoholic free equilibrium, E0 of the model system (1) is locally 
asymptotically stable if R0 < 1. 

Global stability of alcoholic free equilibrium 
In this section, we study the global properties of alcoholic free 
equilibrium. Let us consider the Lyapunov function, 
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V = H + T.                                                                                      (24) 
Differentiating (24) with respect to t and substituting the respective 
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implies that the only trajectory of the model system (1) on which
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So, summarizing the above discussions we come to the following 
result: 

Theorem 4 
An alcoholic free equilibrium, E0 of the model system (1) is globally 
asymptotically stable if R0 < 1. 

Existence of endemic equilibrium 
If drinking persists  with  in  the  population  (i.e  S(t)  ≥ 0, H(t)  ≥ 0, 
T (t)  ≥ 0, R(t)  ≥ 0), then the model has an equilibrium called 
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Local stability of endemic equilibrium 
To investigate the stability of the system at endemic equilibrium, we 
will consider the Jacobian matrix of the model system (1) at endemic 
equilibrium, E∗. 
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Using the Routh-Hurwitz criterion, it can be seen that all eigenvalues 
of the charac- teristic equation (28) has negative real part if and only 
if 
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Thus, we have the following result: 

Theorem 5 
The endemic equilibrium, E∗ of the model system (1) is locally 
asymptotically stable if and only if inequalities (29) are satisfied. 

Global stability of endemic equilibrium 
Let as construct the Lyapunov function as follow: 
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if M < N by

LaSalle’s invariant principle [11]. 

SENSITIVITY ANALYSIS OF R0 
Sensitivity analysis is commonly used to determine the model 
robustness to parameter values, that is, to help us know the 
parameters that have a high impact on the reproduction number R0. 
Using the approach, we calculate the normalized forward sensitivity 
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indices of R0. Let 
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And it is similar with respect to the remaining parameters. 
From the above discussion, we observe that the basic reproduction 
number R0 is most sensitive to changes in β1. If β1 increases R0 will 
also increase with the same proportion, and if β1 decreases R0 will 

also decrease in the same proportion. µ, δ1,   and β2 have an 

inversely proportional relationship with R0, so an increase in any of 
them will cause a decrease in R0. The increase in either of the rates µ, 
the natural death rate of the population, δ1, the drinking induced 
related death rate of heavy drinkers and β2, is rate of a light problem 
alcoholic will become a recovered individual due to treatment is 
neither ethical nor practical. Thus we choose to focus on one of two 

parameters: either  , the proportion of drinkers who enter 

treatment or β1, the rate of transmission from no drinkers to heavy 

drinkers. As R0 is more sensitive to changes in β1 than  , it seems 

sensible to focus efforts on the reduction of β1. In other words, this 
sensitivity analysis tells us that prevention is better than cure. Efforts 
to increase prevention are more effective in controlling the spread of 
drinking than efforts to increase the numbers of individual accessing 
treatment. 

NUMERICAL SIMULATIONS 
To demonstrate the theoretical results obtained in this paper, some 
numerical simulations will be discussed. In this paper, the 
hypothetical set of initial values (IV) and parameter values will be 
given as follows. 

First, let us consider for the case when R0 < 1 using the parameter 
values given in Table 3 

TABLE 3  
Table of parameter symbols and their value

Parameter Parameter values Sources 

b 0.4 [25] 

β1 0.7 [24] 

β2 0.2 Assumed 

β3 0.1 Estimated 

µ 0.25 [25] 

φ 0.7 [24] 

σ 0.09 [24] 

δ1 0.35 [25] 

δ2 0.03 Estimated 

From the data in Table 3, we get the reproduction number of an 
alcoholic free equilibrium is estimated to be R0 = 0.74666667 < 1. 
Now here we have only non-drinkers population is present and the 
heavy drinkers, drinkers in treatment and recovered drinkers 
population reduce to zero. This means that the model system is 
asymptotically stable at R0 < 1 and this indicates that alcoholic free 
equilibrium E0 is asymptotically stable. This has been verified 
numerically in Figure 2. 

Effects of contact rate on heavy drinkers 

Here, the simulation results of the effect of contact rate (β1) on the 
heavy drinkers was shown. The simulation is displayed by varying the 
contact rate and by keeping other parameters as constant. From 
Figure 3, we observe that when the value of contact rate is large, there 
is high possibility for the individual to be heavy drinker. Therefore, 
the community must reduce the contact rate in order to minimize the 
number of drinkers between the populations Figure 2. 
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individual is at a heavy drinker and drinkers at treatment class, the stake 
holders must increase the treatment methods to recover the individuals 
Table 4. Therefore, by increasing the recovered rate for drinkers in 
treatment class, and goes into recovered drinkers we will eliminate 
alcoholism epidemic from the community. Next, considering the case 
when R0 >1, the reproduction number of the endemic equilibrium is to 
be R0 = 1.74545 > 1 from the data in Table 4. Here the reproduction 
number greater than one shows that there is coexistence in the 
population. That is non-drinkers, heavy drinkers, drinkers in treatment 
Figure 3-4. 

Figure 3) Effect of contact rate on heavy drinkers 

TABLE 4 

Figure 2) Only non-drinkers exist 

Effects of recovered rate on drinkers in treatment 

We investigate the simulation results of impact of recovered rate on 
drinkers in treatment T (t). Here, as we see it from Figure 4, the heavy 
drinkers and drinkers in treatment become reduced by increasing the 
recovered rate of treatment (σ). This indicates that once the 

Parameter Parameter values Sources 

b 0.9 Assumed 

β1 0.8 [25] 

β2 0.6 Assumed 

β3 0.01 [24] 

µ 0.25 [25] 

φ 0.5 [24] 

σ 0.01 [24] 

δ1 0.3 Assumed 

δ2 0.03 Estimated 

Table of parameter symbols and their value
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Figure 4) Effect of contact rate on heavy drinkers 

and recovered drinkers coexist, which is drinking problem exist in the 
population or community. Moreover, people with drinking problem 
continues to transform more non- drinkers into heavy drinkers and 
drinking free equilibrium is unstable. We verified this numerically in 
Figure 5. 

Figure 5) Drinking problem exist in the population 

CONCLUSIONS 

In this work, we presented a deterministic model for an alcoholism 
epidemics consisting of four compartments, namely, non-drinkers, 
heavy drinkers, drinkers in treatment and recovered drinkers. Since, 
alcoholism by nature causes serous health complications, damaging 
nearly every organ and systems in the body. This paper is devoted to 
implement alcoholism mathematical model by introducing treatment 
class and adding additional death rate. The basic reproduction 
number of a model system (1) is calculated by using the next 
generation matrix method. Which is a product of birth rate and the 
trans- mission coefficient from non-drinkers to heavy drinkers (β1) 
divided by the product of natural death rate of population (µ) and 
recovered individual due to treatment (β2), natural death rate of 
population (µ), drinking induced death rate of heavy drinkers (δ1) 

and the proportion of individuals who enter treatment  . 

Then we have discussed the stability analysis of the model system (1) 
using the basic reproduction number. We analyzed existence and 
stability of alcohol free equilibrium point driven. We have found the 
alcoholic free equilibrium point is locally asymptotically stable when 
R0 < 1. Also endemic equilibrium point of the model has been driven 
and it is globally asymptotically stable when R0 < 1. Sensitivity analysis 
of R0 shows that β1, the transmission coefficient from non-drinkers 
to heavy drinkers, as the most useful parameter to the basic 
reproduction number. 

Simulation study and analysis of the model are performed. All our 
mathematical findings are numerically verified with the help of 
MATLAB which support our analytical results. From our numerical 
results we found that alcoholism epidemic can be controlled by 
minimizing contact rate between the non-drinkers and heavy drinkers 
and also maximizing the number of drinkers that go into treatment 
can be useful in combating the epidemic. 
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